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Investigating many-body localization (MBL) using exact numerical methods is limited by the
exponential growth of the Hilbert space. However, localized eigenstates display multifractality and
only extend over a vanishing fraction of the Hilbert space. Here, building on this remarkable
property, we develop a simple yet efficient decimation scheme to discard the irrelevant parts of the
Hilbert space of the random-field Heisenberg chain. This leads to an Hilbert space fragmentation
in small clusters, allowing to access larger systems at strong disorder. The MBL transition is
quantitatively predicted, together with a geometrical interpretation of MBL multifractality.
Introduction— Many-Body localization (MBL) is one
of the most intriguing phenomena of condensed matter
physics [1–3]. While being the natural extension of the
celebrated Anderson localization problem to interacting
particles, it appears to be conceptually much more dif-
ficult to grasp, as compared to its non-interacting coun-
terpart [4]. Nonetheless, during the past decade an im-
pressively wide amount of theoretical works (for recent
reviews, see [5–8]) and a few experimental studies [9–
12] have explored the very peculiar properties of MBL
physics. It is now well admitted [13–20] that in one di-
mension, a large class of quantum interacting systems
displays a disorder-induced dynamical transition at high
energy between two radically different regimes. At low
disorder, high-energy eigenstates are ergodic and thermal
in the sense that they obey the eigenstate thermalization
hypothesis (ETH) [21, 22], they display high (volume-
law) entanglement [16, 23, 24], and are fully ergodic in the
Hilbert space (HS) [25]. Conversely, at strong disorder
ETH fails, all eigenstates are only area-law entangled [26]
(a property usually restricted to ground-states [27, 28]),
and a generic HS multifractality is observed [25]. More
precisely, for a given N -dimensional HS, MBL eigen-
states only spans a vanishing fraction of it ∼ ND, with
D < 1 [16, 25, 29].
This potentially huge reduction of the support of
many-body localized eigenstates, as compared to the full
HS, calls for the development of a controlled decimation
scheme in order to efficiently discard the irrelevant part
of the HS, thus promising a potentially significant com-
putational gain in our description of MBL physics. Fur-
thermore, besides such numerical considerations, a better
understanding of the very structure of the HS is concep-
tually of prime interest. Indeed, as we show in this Let-
ter, the MBL phenomenon is rooted in a fragmentation of
HS. Some related ideas, very recently raised for disorder-
free dipole-conserving Hamiltonians [30, 31], have been
also promoted recently in Refs [32, 33] who explored the
analogy between the MBL transition and a HS percola-
tion scenario.
Here we wish to go further by building an HS deci-
mation scheme [34, 35] combined with state-of-the-art
exact diagonalization (ED) techniques [36]. This leads
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FIG. 1. Simplified picture for the Hilbert space fragmentation
of model Eq. (1) at strong disorder in the MBL regime. (a)
Basis states |j〉 in the tight-binding representation Eq. (2) are
schematized by vertices (red circles), connected to neighbors
(red edges). (b) Vertices having on-site energies |µj | > Λ
are discarded (open circles) and the remaining active Hilbert
space clusterizes into smaller pieces (blue bubbles).
to the following main result: at strong disorder an MBL
Hamiltonian can be practically studied on a vanishing
fraction of the original HS, thus allowing an improvement
in the accessible system sizes. Surprisingly, one can even
quantitatively capture the MBL transition although this
decimation framework is approximate by nature. We
further provide a quantitative study of the HS fragmen-
tation by analyzing the disorder-induced development of
disconnected HS clusters whose scaling can be directly
related to the multifractal dimensions [25]. However, our
analysis contrasts with a percolation transition [32, 33].
Model— We start with the well-studied random-
field Heisenberg spin- 12 ring, described by
H =
L∑
i=1
(
Sxi S
x
i+1 + S
y
i S
y
i+1 + S
z
i S
z
i+1 + hiS
z
i
)
, (1)
where hi is drawn from a uniform distribution in [−h, h].
The total magnetization being conserved, we choose the
largest subspace of zero magnetization,
∑
i S
z
i = 0, of
size N = ( LL/2) ≈ 2L/√L. This model exhibits a MBL
transition at hc ∼ 3.7 [16] in the middle of the spectrum.
Eq. (1) can be mapped onto a tight-binding single par-
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2ticle problem [25, 37, 38] on a high-dimensional lattice
built out of its basis states
H =
N∑
j=1
µj |j〉〈j|+ t
∑
〈j,k〉
|j〉〈k| , (2)
where the spin configuration basis {|j〉}j=1,...,N is the
local projection of Szi , e.g. |↑↓↑↓ · · ·〉 z and all its combi-
nations. The first diagonal term in Eq. (2) is an on-site
inhomogeneous potential built from interactions and ran-
dom fields: µj = 〈j|
∑
i S
z
i S
z
i+1 + hiS
z
i |j〉, while the sec-
ond term stands for a constant hopping t = 1/2 between
neighboring spin configurations connected by transverse
spin couplings Sxi S
x
i+1 + S
y
i S
y
i+1.
In this form, H is nothing but the adjacency matrix
of a complex graph whose vertices j are basis states,
weighted by µj and connected by edges of constant
strength t = 1/2. The vertex degree, determined by the
number of flippable spin pairs ↑↓ of the corresponding
basis state |j〉 , is given on average by 〈z〉 = (L + 1)/2
and its distribution approaches a gaussian of variance
∝ L. For finite disorder strength h, on-site energies µj
have a normal distribution of variance σ2µ ≈ ah2L [39].
The fact that the ratio between the mean degree
〈z〉 ∼ L and the effective disorder strength σµ ∼ h
√
L
diverges in the limit of infinite system size excludes
a genuine Anderson localization in this configuration
space. Instead, and contrary to random graphs with
fixed connectivity [40, 41], here a multifractal regime
takes over in the MBL regime above hc, where only a
subextensive part of the HS is exploited [16, 25, 29].
Decimation and Hilbert space fragmentation—
In order to take advantage, and somehow cure such an
“underutilization” of HS degrees of freedom, we intro-
duce a decimation scheme, directly acting on Eq. (2).
This procedure uses the structure of resonances in the
tight-binding problem to discard the trivial information
that is encoded in the HS in the localized phase. We first
note that the locator expansion for the resolvent [42, 43]
Gab =
1
E − µa − ΣEa
∑
p∈path(a,b)
∏
j∈p
t
E − µj − ΣEj
, (3)
where E is the energy and ΣEj is the self-energy of site j,
is convergent in the localized phase. We are interested in
the largest terms in this expansion, which make Eq. (3)
diverge, signalling delocalization. If we consider E =
0 (at the center of the spectrum) and neglect the self-
energy, the product in Eq. (3) are of the type t/µj . Thus,
the ones that could contribute to the divergence of the
series are those for which |t/µj |  1.
We consider the following decimation procedure: out
of all the vertices in the graph generated by H, we keep
only the ones whose corresponding contribution in Eq. (3)
is |t/µj |  1; namely, fixing an O(1) cutoff value Λ > t,
we keep the vertices j whose weight is |µj | < Λ. All ver-
tices not satisfying this condition are discarded, as well as
all edges connected to them. This removes the sites and
paths that are not resonant. The adjacency matrix of the
remaining subgraph thus defines the decimated Hamilto-
nian HΛ of size NΛ×NΛ. In contrast with Monthus and
Garel [35], our approach neglects the renormalization of
on-site energies, which is justified in the strong disor-
der limit. Furthermore, we also neglect the renormaliza-
tion of hoppings, thus restraining the proliferation of new
weak bonds. As recently discussed for the Anderson lo-
calization transition and the high-dimensional limit [44]
the generation of such very small hoppings appears to be
irrelevant at strong disorder, a rationale further justified
here by the growing ∝ L connectivity and the constant
hopping t = 1/2 of the model.
The average fraction of surviving vertices in HΛ de-
pends on both the disorder strength h and the cutoff Λ.
Taking advantage of the normal distribution for the on-
site energies µi, at large enough L it is readily given by
〈NΛ〉
N = Erf
(
Λ
σµ
√
2
)
≈ b Λ
h
√
L
, (4)
with b ≈ 2.78. From this scaling we immediately envi-
sion the potential numerical gain at strong disorder, with
an effective HS size 〈NΛ〉 reduced by a factor ∝ h
√
L,
albeit the dominant 2L scaling remains. However, a
closer inspection of the decimated HS geometry reveals
a much more interesting effect: while a giant percolat-
ing cluster exists at low disorder, HΛ gets fragmented
in disconnected components at high disorder (schema-
tized in Fig. 1), a related phenomenon also observed in
Refs. [32, 33] where a classical percolation transition in
configuration space signals the MBL transition.
Conversely here our clusterization mechanism is a non-
universal process which depends on the cutoff value
Λ [45]. We first focus on the largest cluster CL which
is identified after the enumeration of all components in
HΛ, for various spin chain sizes, up to L = 28, corre-
sponding to an original HS of size N ∼ 4× 107 [46]. Its
disorder-average size 〈NCL〉 is shown in Fig. 2 (a) for var-
ious values of disorder strength and a cutoff Λ = 1. We
observe a clear power-law scaling with 〈NΛ〉:
〈NC〉 ∝ 〈NΛ〉DΛ,h , (5)
where the exponent DΛ,h ≤ 1 has a non-trivial Λ and h-
dependence, shown in the inset of Fig. 2 (a). Indeed, the
pseudo-critical disorder h∗ for which D < 1, signalling
the fragmentation, clearly depends on Λ, thus contrast-
ing with the universal percolation mechanism found in
Refs. [32, 33]. Nevertheless, at strong disorder one finds
a power-law decay
DΛ,h ∼ h−β , (6)
with βL ≈ 0.75 for Λ = 1, 2.
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FIG. 2. Power-law scaling of the average cluster sizes as a function of the average cut HS size 〈NΛ〉, for the largest (a) and
random (b) clusters, shown for a few representative values of the disorder strength h. Lines are fits to the form 〈NΛ〉D, where
D is the fractal dimension, plotted against h in the insets for the two cases, and Λ = 1, 2. A power-law decay is observed at
large enough h, D(h) ∼ h−β with βL ≈ 0.75 for CL and βR ≈ 1 for CR.
In order to substantially reduce the high computa-
tional cost of the cluster enumeration, we apply another
scheme to analyze the clusterization. For each disordered
sample we pick up a ‘random’ cluster, CR, chosen in the
following way: we consider the set of vertices with high-
est degree in HΛ and select one vertex randomly; we then
consider the component to which the selected vertex be-
longs to. The average size 〈NCR〉 is shown in Fig. 2 (b)
where one also observes a power-law behavior vs. 〈NΛ〉,
Eq. (5). Here the exponent DΛ,h shows a similar non-
trivial Λ and h-dependence, as displayed in the inset of
Fig. 2 (b) with a decay at strong disorder Eq. (6) occur-
ing with a different exponent βR ≈ 1. Nevertheless, the
departure from D = 1 also depends on Λ, showing no
evidence of the MBL transition.
At this stage, it is useful to make a link with recent ED
results obtained for the multifractal scalings in the MBL
regime [25], where it was found that MBL eigenstates
are supported by only a sub-extensive portion of the
configuration space ∝ NDMBL with DMBL ∼ 1/h at
strong disorder. Here, our decimation scheme reaches
similar conclusions: the sub-extensive HS portion is un-
derstood as an HS fragmentation. It is quite natural to
foresee that random clusters will be more representative
and typical, as compared to the largest one which rather
captures rare events. Interestingly, the strong disorder
decay of the fractal dimension DΛ,h of CR follows Eq. (6)
with an exponent βR ≈ 1, in agreement with DMBL.
This result gives a striking geometrical interpretation of
the MBL eigenstate multifractality observed in Ref [25].
Exact diagonalization of random clusters—
To go beyond these geometrical considerations, we aim
at exploring in more details the microscopic behavior of
eigenstates on such random clusters. Taking advantage
of the reduced HS size at high disorder, larger system
sizes (as compared to the state-of-the-art [36]) can be
accessed numerically by applying the shift-invert ED
method [16, 36] on the corresponding matrices HΛ and
HCR . In order to explore the wave functions properties,
we compute the participation entropy, defined for an
eigenstate |Ψ〉 in the spin basis {|j〉} by
SP = −
∑
j
pj ln pj , (7)
where pj = |〈j|Ψ〉|2 is the probability of occupation for
each state |j〉 . ED data, obtained for a decimation cutoff
Λ = 1, are averaged over many samples (104 realizations
for L ≤ 18, 103 for 18 < L ≤ 26, 500 for L = 28) and a
few eigenstates in the middle of the spectrum.
Following recent results [16, 25, 29], we expect 〈SP〉
to grow as D lnNΛ, with D = 1 in the delocalized phase,
and D ∼ 1/h deep in the MBL regime [25]. In Fig. 3 we
show 〈SP〉, rescaled by ln〈NΛ〉, as a function of disorder
for two cases: (a) the full decimated Hamiltonian HΛ,
and (b) for random clusters HCR . The results reproduce
the expected behavior [25] in the MBL regime with the
correct h−1 dependence, but also near the transition and
in the delocalized phase. In addition, the MBL transition
can be estimated almost quantitatively by the crossing of
the data close to hc ∼ 4, in quite good agreement with
the best ED estimates [16, 25]. It is worth noting how-
4(a)
<latexit sha1_base64="jVyWwUEa4dSFzUSbWb87kSEfg9E=">AA AB5HicbVDLSgMxFL1TX7W+qi7dBItQN2WmCrosunFZwT6kLSWTZtrQzGRI7gil9A/ciLhR8Hv8Bf/GzLSbth4IHM454d5z/VgKg6776+Q2 Nre2d/K7hb39g8Oj4vFJ06hEM95gSird9qnhUkS8gQIlb8ea09CXvOWP71O/9cK1ESp6wknMeyEdRiIQjKKVWl0/IGV62S+W3IqbgawTb0 FKtWfIUO8Xf7oDxZKQR8gkNabjuTH2plSjYJLPCt3E8JiyMR3yabbkjFxYaUACpe2LkGTqUo6GxkxC3yZDiiOz6qXif14nweC2NxVRnCCP 2HxQkEiCiqSNyUBozlBOLKFMC7shYSOqKUN7l4Kt7q0WXSfNasW7qlQfr0u1u/kNIA9ncA5l8OAGavAAdWgAgzG8wSd8OYHz6rw7H/Nozln 8OYUlON9/vniK/g==</latexit>
(b)
<latexit sha1_base64="5zxt8XJaJRnmkwW7dIg9KWSciiE=">AA AB5HicbVDLSgMxFL1TX7W+qi7dBItQN2WmCrosunFZwT6kLSWTZtrQzGRI7gil9A/ciLhR8Hv8Bf/GzLSbth4IHM454d5z/VgKg6776+Q2 Nre2d/K7hb39g8Oj4vFJ06hEM95gSird9qnhUkS8gQIlb8ea09CXvOWP71O/9cK1ESp6wknMeyEdRiIQjKKVWl0/IGX/sl8suRU3A1kn3o KUas+Qod4v/nQHiiUhj5BJakzHc2PsTalGwSSfFbqJ4TFlYzrk02zJGbmw0oAEStsXIcnUpRwNjZmEvk2GFEdm1UvF/7xOgsFtbyqiOEEe sfmgIJEEFUkbk4HQnKGcWEKZFnZDwkZUU4b2LgVb3Vstuk6a1Yp3Vak+Xpdqd/MbQB7O4BzK4MEN1OAB6tAABmN4g0/4cgLn1Xl3PubRnLP 4cwpLcL7/AL/ziv8=</latexit>
hS
P
,
⇤
i/
ln
hN
⇤
i
<latexit sha1_base64="py282jwZynG8vbfMCQAQ7DbRsJg=">AAACJXicbVDNSgMxGPzWf+tf1aOXYBE8lLqrgh6LgngQqWit0pQlm6Y1mM0uSVYoyz6PFx/EixcRQRR8FdPtXqx+EBhmJl8yE8SCa+O6H87E5NT0zOzcfGlhcWl5pby6dq2jRFHWpJGI1E1ANBNcsqbhRrCbWDESBoK1gvvjod56YErzSF6ZQcw6IelL3uOUGEv55RMsiOwLhi79NMUqRI2siqv4zG7okgyrXNzBQha+FFMi0HnmF5bC4Zcrbs3NB/0FXgEq9VvIp+GXn3E3oknIpKGCaN323Nh0UqIMp4JlJZxoFhN6T/oszVNmaMtSXdSLlD3SoJz95SOh1oMwsM6QmDs9rg3J/7R2YnqHnZTLODFM0tFDvUQgE6FhZajLFaNGDCwgVHH7Q0TviCLU2GJLNro3HvQvuN6teXu13Yv9Sv1o1AHMwQZswjZ4cAB1OIUGNIHCE7zCJ3w5j86L8+a8j6wTTnFnHX6N8/0D3rSmCA==</latexit>
hS
P
,
C R
i/
ln
hN
⇤
i
<latexit sha1_base64="QiPjseq8TnzEKjVlQ2IzKT9quq8="></latexit>
h
<latexit sha1_base64="5Wxwf/ONHjLHmkfQu7uFB yXGBeY=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9ZUEupTUuF/AgVmzdedXDeBzP3BSJu20S0Kegn9Rf6 N41PN2oHBg7nnOHec/1YSUOu++tkNja3tneyu7m9/YPDo/zxSd1EiRZYE5GKdNPnBpUMsUaSFDZjjTzwFTb8 0f3Mb7ygNjIKH2kcYyfgg1D2peBkpeqwmy+4RTcFWyfeghTKT5Ci0s3/tHuRSAIMSShuTMtzY+pMuCYpFE5z7 cRgzMWID3CSrjdlF1bqsX6k7QuJpepSjgfGjAPfJgNOQ7PqzcT/vFZC/dvORIZxQhiK+aB+ohhFbNaV9aRGQW psCRda2g2ZGHLNBdmL5Gx1b7XoOqmXit5VsVS9LpTv5jeALJzBOVyCBzdQhgeoQA0EILzBJ3w5z86r8+58zK MZZ/HnFJbgfP8BjqqJNA==</latexit>
/ h 1
<latexit sha1_base64="/dkgYcfpqKHXcC98HH9sGB4XF38=">AA AB63icbVDLSgMxFL3js9ZX1aWbYBHcWGaqoMuiG5cV7EP6IpNm2tBMEpKMUIZ+hRsRNwr+i7/g35hOu2nrgcDhnBPuPTdUnBnr+7/e2vrG 5tZ2bie/u7d/cFg4Oq4bmWhCa0RyqZshNpQzQWuWWU6bSlMch5w2wtH91G+8UG2YFE92rGgnxgPBIkawdVK3rbRUVqJhN70MJr1C0S/5Gd AqCeakWHmGDNVe4afdlySJqbCEY2Naga9sJ8XaMsLpJN9ODFWYjPCAptmuE3TupD6KpHZPWJSpCzkcGzOOQ5eMsR2aZW8q/ue1EhvddlIm VGKpILNBUcKRazctjvpMU2L52BFMNHMbIjLEGhPrzpN31YPloqukXi4FV6Xy43Wxcje7AeTgFM7gAgK4gQo8QBVqQEDDG3zClxd7r9679zG LrnnzPyewAO/7D7Pkjoo=</latexit>
0.1
1
L=28
L=26
L=24
L=22
L=20
L=18
L=16
L=14
L=12
1 100.1
1
3 4 5 60.2
0.3
0.4
3 4 5 60.1
0.2
0.3
28
26
24
22
20
18
16
14
12
FIG. 3. Participation entropy Eq. (7), rescaled by the dec-
imated HS size ln〈NΛ〉 with Λ = 1, is plotted as a function
of disorder strength h. Data, averaged over disorder and a
few eigenstates in the middle of the spectrum, are shown
for both (a) HΛ and (b) HCR , for various system lengths
L = 12, . . . , 28 as indicated on the graph. Dotted lines are
∝ h−1. The MBL transition is signalled by a crossing of the
curves, which occurs in the grey region for hc ∼ 4. Insets are
zooms over the crossing regions.
ever, that a slight overestimation of the transition point
is expected due to the enhancement of the delocalization
effects by neglecting the self-energies in Eq. (3). Similar
results are obtained for both HΛ and HCR , despite more
pronounced finite size corrections for the latter.
We find that MBL eigenstates properties are well
captured by our decimation scheme. Indeed, removing
a vertex j in the graph is equivalent to impose a
vanishing wavefunction amplitude on the corresponding
configuration basis state |j〉 . While not exact, this
turns out to reproduce fairly faithfully the microscopic
structure of eigenstates in the MBL regime, as well
as close to the critical point. On the other hand,
the properties of the energy spectrum, e.g. the level
statistics, are very sensitive to the HS fragmentation
which induces a block structure in HΛ, leading to an
emergent integrability. Therefore, one would observe the
appearance of a Poisson distribution for the energy gaps
at a non-universal, cutoff-dependent, pseudo-critical
disorder h∗(Λ), as observed in the insets of Fig. 2 for D.
Spin freezing effect— One can try to make a
link between our HS decimation scheme and random
field configurations in real space. At strong disorder,
some sites experience very strong fields hi such that spins
get almost fully polarized. In Ref. [25], multifractality of
the MBL regime was interpreted through this real-space
spin freezing effect, with a density of frozen and active
sites: ρactive = 1 − ρfrozen ∼ h−1 at large h, yielding a
h−1 multifractal dimension. Here, we can alternatively
define for each random cluster an active fraction
ρactive = 1− 2
L
L∑
i=1
1
NCR
∣∣∣∣∣∣
∑
j∈CR
〈j|Szi |j〉
∣∣∣∣∣∣ , (8)
which quantifies the density of real-space sites for which
basis states in CR can effectively fluctuate between ↑ and
↓. In Fig. 4 we show 〈ρactive〉 as a function of h which,
as expected decays at large h, but ∝ 1/√h, contrast-
ing with the multifractal dimension behavior (Fig. 2 (b)
and Ref. [25]). As a matter of fact, there is no simple
relation between the HS fragmentation observed in our
decimation scheme, based on on-site energies of the effec-
tive tight-binding model Eq. (2), and real-space freezing
induced by strong random fields.
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FIG. 4. Disorder average fraction of active sites Eq. (8) plot-
ted against h for various sizes L. Power-law decay h−α is
observed at strong disorder, with an exponent α converging
to 1/2 with L, as shown in the inset.
Conclusions— In this work, we have proposed a sim-
ple yet efficient decimation scheme to address the MBL
problem, working directly in the spin configuration basis
of the random-field Heisenberg chain. Naturally designed
for strong disorder, this approach is able to give quantita-
tive results in the MBL regime, and can even capture the
transition. A simple picture of HS fragmentation emerges
for the MBL regime, thus providing a straightforward
geometrical interpretation to the eigenstate multifractal-
ity, albeit with no clear evidences for a percolation sce-
nario [32, 33]. From a technical point of view, we have
illustrated the feasibility and the efficiency of the method
up to L = 28 (i.e. a gain of one order of magnitude for
the HS size as compared to standard ED [36]), but this
approach can be further improved to reach larger systems
at strong disorder. This opens an avenue to investigate
the existence MBL in two dimensions [11, 47–51].
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